Abstract. We show that any horizontally homothetic submersion from a compact manifold of nonnegative sectional curvature is a Riemannian submersion.
In the special case of maps from R n −→ R, horizontally homothetic submersions appeared as solutions of the so-called "Infinity Laplace Equation" introduced by Aronsson ([Ar] ) in his study of "optimal" Lipschitz extension of functions in the late 1960s. Nowadays these solutions are called "infinity-harmonic functions", and have been the subject of a great deal of current research (see e.g. [ACJ] , [BB] , [Ba] , [BEJ] , [BJW1] , [BJW2] , [Bh] , [CE] , [CEG] , [CIL] , [CY] , [EG] , [EY] , [J] , [JK] , [JLM1] , [JLM2] , [LM1] , [LM2] , [Ob] , and the references therein) including applications in the areas of image processing (see e.g. [CMS] , [Sa] ), mass transfer (see e.g. [EG] ), and shape metamorphisms (see e.g. [CEPB] ).
In full generality, horizontally homothetic submersions arose in the study of p-harmonic morphisms in [BE] , [BW] , [BL] , [Gu1] , [Gu2] , [KW] , [Lo] , [Ou1] , [Ou2] , [OW] , [Ta] , and [Sv] . There are many familiar examples of horizontally homothetic submersions from incomplete manifolds with nonnegative curvature that are not Riemannian submersions. Before elaborating, we recall the definition from [BE] or [BW] . λ is called the dilation of π.
If the condition about the gradient of λ being vertical is dropped, then π is called a horizontally conformal submersion.
The power of Riemannian submersions for creating positive curvature stems from O'Neill's horizontal curvature equation, which implies that a Riemannian submersion π : M −→ N does not decrease the curvature of horizontal planes. In fact, the sectional curvature of a horizontal plane spanned by orthonormal vectors {x, y} in M is related to the curvature of span {dπ (x) , dπ (y)} by
Here A is O'Neill's "integrability" tensor for the horizontal distribution
where X and Y are arbitrary extensions of x and y to horizontal vector fields. Thus if M has nonnegative curvature, then sec N (dπ (x) , dπ (y)) > 0 if either
The generalization of O'Neill's equation for horizontally conformal submersions was discovered independently by Kasue and Washio in [KW] and Gudmundsson in [Gu1] . If π : M −→ N is horizontally homothetic, then the sectional curvature of a horizontal plane spanned by orthonormal vectors {x, y} in M is related to the curvature of span {dπ (x) , dπ (y)} by
Thus if M has nonnegative curvature, then sec N (dπ (x) , dπ (y)) > 0 if either
Thus without our theorem, one would naturally suspect that horizontally homothetic submersions have much more potential for creating positive curvature than Riemannian submersions. There are many familiar examples of horizontally homothetic submersions of incomplete manifolds with nonnegative sectional curvature that are not Riemannian submersions.
Example 2. Radial projection of R n \ {0} onto S n−1 is horizontally homothetic (see [Gu2] and also [BW] for details).
Example 3. Metric projection of S n \ {north pole, south pole} onto the equator is horizontally homothetic (see [Gu2] and also [BW] for details).
For a complete example we need negative curvature.
Example 5. Let H n be hyperbolic space with the upper half space model,
Then the projection
is a horizontally homothetic submersion onto the Euclidean space R n−1 (see [Gu2] and also [BW] for details). * Example 6. While the projection of a warped product onto its first factor is a Riemannian submersion, the projection onto the second factor is horizontally homothetic. All of the preceding examples can be viewed as the projection of a warped product onto its second factor (see [Pe] [Ar] , [ACJ] , [BEJ] , [CEG] , and the references therein):
grad u, grad |grad u| 2 = 0.
The solutions are called infinity-harmonic functions. Although there are nontrivial infinity-harmonic functions on open subsets of R n , it is not known whether all smooth globally-defined infinity-harmonic functions on R
n are affine.
Horizontally homothetic submersions have played an important role in the study of p-harmonic morphisms. For example, by combining results in [BE] , [BG] , [BL] , and [Ta] we have
any two of the following conditions imply the third:
(a) ϕ is a p-harmonic map,
For applications of horizontally homothetic submersions in classifying p-harmonic morphisms and biharmonic morphisms between certain model spaces see [Ou1] and [Ou2] .
Although horizontally homothetic submersions appear to be a much broader class than Riemannian submersions, the presence of a nonconstant smooth function with vertical gradient imposes a fair amount of extra structure. For example, it is easy to show Proposition 9. Let π : M −→ B be a horizontally homothetic submersion with dilation λ and let r be a regular value of λ so that λ −1 (r) is nonempty. Then
is a Riemannian submersion with respect to the intrinsic metric on λ −1 (r) .
The levels of λ also force some vanishings of the A-tensor of π, but before we can elaborate we must refine the definition of the A-tensor in the horizontally homothetic case.
In the Riemannian case, O'Neill defined the two fundamental tensors,
These tensors are also important for horizontally homothetic submersions, except that it is convenient to modify the definition of the A-tensor to
where the last superscript horiz, z ⊥ indicates that we are taking the component that is horizontal and perpendicular to z. In the Riemannian case this definition of the A-tensor coincides with O'Neill's since for a Riemannian submersion
horiz is already perpendicular to Z. On the other hand, we will show below that for horizontally homothetic submersions, ∇ Z horiz Z horiz has a component that is proportional to grad λ and (dually) ∇ Z horiz grad λ is proportional to Z horiz . We assume that the reader has a working knowledge of O'Neill's foundational paper [On] . We use superscripts horiz and vert on vectors to denote the horizontal and vertical parts. Similarly z grad λ stands for the component of z in the direction of grad λ; z grad λ,⊥ stands for the component of z that is perpendicular to grad λ; and more generally, w z,⊥ stands for the component of w that is perpendicular to z. We use
for the derivative of f in the direction of v. * For the moment, we study an arbitrary horizontally homothetic submersion
with dilation λ. Later we will add the curvature and compactness hypotheses.
Then the gradient of ρ is also vertical.
Lemma 10. Let γ be a geodesic in B, and let X be the horizontal lift ofγ defined on all of the horizontal lifts of γ. Then
In fact, for any horizontal vector fields X and Y,
Moreover, if V is any vertical field that is perpendicular to grad ρ, then
Proof. Since X is basic horizontal,
For the second statement, note that
In the second term of the third equality we have used the fact that D X (ρ) = 0 for any horizontal vector field X, since the dilation λ and hence ρ is constant along any horizontal curve.
[X, Y ] , grad ρ = 0 and [X, V ] , grad ρ = 0 because X, Y, and V are tangent to submanifolds (the levels of λ) that are perpendicular to grad λ.
Lemma 11. For any horizontal vector X,
In particular, the A-tensor satisfies
Proof. To compute ∇ X grad ρ |grad ρ| 2 , X we can now use the Koszul formula to get
Similarly, if Z is any basic horizontal field that is perpendicular to X, then the previous Lemma and the Koszul formula give
If V is any vertical field that is perpendicular to grad ρ |grad ρ| 2 and X, grad ρ |grad ρ| 2 , then the Koszul formula gives
In case X,
From (4), (5) and (6) we obtain Equation (3).
The statement about the A-tensor follows from its (new) definition and the
Since ρ is constant along any horizontal geodesic we have Proposition 12. If the global maximum or minimum of ρ occurs at p, then it also occurs along the entire length of any horizontal curve passing through p.
In fact, we have Lemma 13. If r is a regular point of ρ, then so is the entire length of any horizontal curve passing through r.
Proof. Let γ be a curve in the base. Then the horizontal lifts of γ give a family of diffeomorphisms
whereγ is the horizontal lift of γ starting at x ∈ π −1 (γ(0)). These were studied as early as 1960 in [He] and were called "Holonomy Displacement" maps in [GG] . Since a horizontal curve stays in a fixed level of ρ, it follows that for any x ∈ π −1 (γ (0)) , ρ • H t (x) is independent of t. Thus for a regular point r of ρ dρ ((dH t ) r (grad ρ))
is independent of t. Since grad ρ is nonzero at r, it follows that dρ ((dH t ) r (grad ρ)) = 0 for all t. In particular, grad ρ is nonzero for all t.
Generalizing Lemma 2.2 in [OW] Proof. Let X be the horizontal lift of γ ′ , and let Z be any vertical field that is tangent to a level set of ρ. Then using the Koszul formula
All three of these terms are 0. Indeed D Z X, X = 0, since Z is tangent to a level of ρ and X is basic horizontal and [X, Z] , X = 0, since X is basic horizontal. If Z is horizontal, then by the Koszul formula
and the righthand side is 0, since it is equal to a multiple of
which is 0, since X is a lift of a geodesic field. It follows thatγ is an intrinsic geodesic for its level set of ρ.
On the other hand, since X is basic horizontal
and hence ∇ X X is nonzero wherever grad ρ is nonzero. * Lemma 15.
Proof. Since grad ρ |grad ρ| 2 , X is perpendicular to grad ρ, we use Lemma 11 to get
If V is a vertical vector that is perpendicular to grad ρ and grad ρ |grad ρ| 2 , X , then the Koszul formula gives
The following Lemma can be found in [BW] .
Lemma 16. For any basic horizontal field X and any vertical field V,
Remark 17. Note that the first three terms are precisely O'Neill's formula for vertizontal curvature of a Riemannian submersion. In that case, ∇ V ∇ X V grad ρ horiz , X vanishes since grad ρ = 0, and the last term vanishes by the antisymmetry of the A-tensor.
Proof.
Letting the superscript grad ρ denote the component tangent to grad ρ, and grad ρ,⊥ denote the component perpendicular to grad ρ, and using the definition of the A-tensor and Lemma 11, we get that the third term is
Thus if we also use the definition of the T -tensor, we get
, the first non-Riemannian term can be simplified as follows.
Proof. We use Equation (3) to get
The last non-Riemannian curvature term can also be simplified when
Proof. We have
The first term on the right-hand side of the above equation is 0 by the antisymmetry of the A-tensor. Thus,
the entire last term is 0.
Thus, when V = grad ρ |grad ρ| we get
Since the A-tensor term vanishes, we get
The second term on the right hand side of the previous display is given by the following result. 
where the superscript vert,⊥ signifies the component that is vertical and perpendicular to grad ρ. Using Equation (3) we obtain
If we set W = X, grad ρ |grad ρ| 2 , then we get So ρ must be constant if the domain is compact, the sectional curvature is nonpositive, and the fibers are totally geodesic.
